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ZEROS OF PARTIAL SUMS AND REMAINDERS
OF POWER SERIES
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J. D. BUCKHOLTZ AND J. K. SHAW

Abstract. For a power series f(z)=27%-0 axz* let s.(f) denote the maximum
modulus of the zeros of the nth partial sum of f and let r,(f) denote the smallest
modulus of a zero of the nth normalized remainder Y., axz*~™. The present paper
investigates the relationships between the growth of the analytic function f and the
behavior of the sequences {s.(f)} and {r.(f)}. The principal growth measure used is
that of R-type: if R={R,} is a nondecreasing sequence of positive numbers such that
lim (Rn+1/Rs) =1, then the R-type of fis 7x(f)=1im sup |a@,RiRz- - - Ry|*/". We prove
that there is a constant P such that

7a(f) lim inf (sa(f)/Rs) = P and 7&(f) lim sup (ra(f)/Ra) = (1/P)

for functions f of positive finite R-type. The constant P cannot be replaced by a
smaller number in either inequality; P is called the power series constant.

1. Introduction. The following theorem is a consequence of results of the
first author [3] and J. L. Frank [4].

THEOREM A. Let f(z)=37-o a,z® have radius of convergence c(f), 0<c(f)<co.
There exists an absolute constant P such that, if >0, then
(i) infinitely many of the partial sums

Su(f32) = Z @zt (n=1,23,..))
k=0

have all their zeros in the disc |z| £ c(f)(P+¢);
(ii) infinitely many of the normalized remainders

S = > @ (n=0,1,2,..)
k=n

have no zero in the disc |z| S c(f)(P+¢)~1;
(iii) the constant P cannot be replaced by a smaller number in either (i) or (ii).

In view of (iii), the constant P is uniquely determined by Theorem A. We call P
the power series constant; its numerical value is known to lie between 1.7818 and
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270 J. D. BUCKHOLTZ AND J. K. SHAW [April

1.82. Our object in the present paper is to give a simpler proof of Theorem A, to
investigate the extremal functions associated with it, and to obtain corresponding
results for various classes of entire functions.

For f(z2)=27-¢ a.2%, let s,=s,(f) denote the largest of the moduli of the zeros
of S.(f;2)=2%k_0arz* (n=1,2,3,...) with the convention that s,=00 if a,=0.
Let r,=r,(f) denote the supremum of numbers r such that Sf(z)=>7., a,z*"
is analytic and has no zero in the disc |z| <r. Theorem A is equivalent to the esti-
mates

(1.1 lim inf 5,(f) < c(f)P,
n— o

(1.2) lim sup r,(f) 2 %f),
n—» o

for 0 <c(f) < oo, together with the assertion that the constant P is best possible in
both cases.

Okada [6] has shown that lim sup,, ., 5,(f)=co if and only if fis entire. For entire
f, M. Tsuji [6] proved the surprising result that

. logn
hT..s;l P log s.(f)

is always equal to the order of f. For functions of positive finite order and type,
we are able to sharpen Tsuji’s theorem considerably.

THEOREM B. Suppose the entire function f is of order p and type v, 0<p, 7 < c0.
Then

; pT\Y? > 1
(1.3) lll"l‘ll_.sﬂlolp (n) r.(f) = P
and
u
(1.4) et 5 lim inf (£)s,(1) 5 P.
n—» o

Furthermore, for each of the three inequalities, there exists an f of order p and type ©
for which equality is assumed. -

Both Theorem A and Theorem B are special cases of a result involving a more
general measure of growth for analytic functions. Let R={R,};-; be a non-
decreasing sequence of positive numbers such that lim,_, , R,1/R,=1. The R-type,
7a(f), of an analytic function f(z) =2~ a,2z* is defined to be

7r(f) = lim sup |a,R, Ry - - Ry|*™.
n—
If R, — o0 as n — 00, R-type can be related to the growth of the maximum modulus

of f[1, p. 6. It follows easily from the expression for the type of an entire function
in terms of its coefficients that fis of order p and type 7, 0 < p, 7 <00, if and only if
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7a(f)=1 for the sequence R,=(n/p7)!*, n=1,2,3,.... If lim,. , R,=I<c0, then
one sees that 7x(f)=1/c(f).
Our principal result is the following.

THEOREM C. If 0< 75(f) <0, then

(1.5) lim infMT") < ro(f) lim inf "U) <P
and
(1.6) o) im sup ") "(f) > 2

Furthermore, for each of the three inequalities, there exists a function of R-type
1 for which equality is assumed.

If one takes R,=1, Theorem C reduces to Theorem A. If one takes R,=(n/p7)**,
then Theorem C reduces to Theorem B.

Suppose 0 < ¢(f) <oo and £>0. In 1906, M. B. Porter [5] proved that an infinite
sequence of the partial sums of f tends uniformly to co outside the disc |z
2 c¢(f)(2+¢). In view of Theorem A, the constant 2 in Porter’s theorem cannot be
replaced by a number less than P. We prove in §2 that the best possible constant
for Porter’s theorem is P. This follows fairly easily from a theorem on the partial
sums of polynomials which is of some interest in itself.

THEOREM D. Let Q(z)=ao+a,z+ - - - +a,z" be a polynomial of degree n. Then
for at least one integer k, 0k =n, we have

(1.7 lao+arz+ - - - +az"| 2 |an| |2|*/(n+1)
for all |z] Z P.

Theorem D guarantees that the partial sum a,+a;z+ - - - +a,z* has all its zeros
in the disc |z| £ P. Since (1.7) holds for large |z|, we must have

(1.8) lax| 2 |aa|/(n+1).
In applications, this yields information about the value of k for which (1.7) holds.

2. The remainder polynomials. The treatment of the power series constant in
[3] and [4] involves the remainder polynomials B,(z; zo, zy, . . ., Zn-1), defined
recursively by

By(2) =1,
@.1) o(2)

n-1
Bn(Z; 205 Z1s -+ + zn—l) =2z"— Z zz-kBk(Z; 205215+« zk-l)'
k=0

Let
H, = max IBA(O’ 20y« « s zn—l)l’
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where the maximum is taken over all sequences {z,};={ whose terms lie on |z|=1.
Buckholtz [3] proved that
P = lim HY* = sup H}™

n-»o 1sn<w

For a power series f(z) =2 o a,z*, we write (2.1) in the form

n

"= Z 27 Bi(z; 2oy + - -5 Zi-1)
k=0

and substitute this expression into the power series for f. We obtain the formal
expansion

f@) = Zo a,z" = Zo ay kZ Zi "% By(z; 2o, . - ., zk-l)}
(22 " " - .
= kZoBk(Z;zo, ey Z-1) Zk azi™* = kZ—O SL*f(zi)Bi(z;5 20, - - .5 Zk-1),

which holds whenever the interchange in the order of summation can be justified.
In particular, (2.2) holds if fis a polynomial and yields considerable information
when fis taken to be a remainder polynomial. In the latter case, an easy induction
argument establishes the identity

(23) 'Span(z; Zgy - - v Zn—l) = Bn—k(z; Zy o v oy zn—l)’

for 0<k=n.

The remainder polynomials also satisfy the following properties:

(2.4) B,(Az; Az, ..., Azy_1)=A"B(2; 20y - - 5 Zn—1)s

(2.5) Bu(205 205 - - -5 Zn-1)=0,

(2.6) z"B,(1/z; 24, . . ., 21) =D _0 Bi(0; 2, . . ., 21)2",

2.7) Bu(z;zn, .. 20) =280 Bi(0; 24, . . ., Z21)Bn_ (25 Zny - - -5 Zny 41, 0, . . ., 0) foOr
0<n =n,

(2.8) H,,,= H,H, for nonnegative integers m and n.

The proofs of these identities may be found in [3].

We are now ready to prove Theorem D. Thus let Q(z)=a,+a,z+ - - - +a,z" be a
polynomial of degree n. Define f(z)=z"Q(l/z)=bo+b;z+ - - - +b,2z"; note that
b,_x=a;, 0=k =n. Let {z;}}-, be a sequence of complex numbers satisfying

|#f@)| = min |, 0=jsn
From (2.2), ‘
SO S 3 1900 1BO3 20 2e-0)

Setting w;, = Pz,, 0<k <n, we have |w,| <1 and, by (2.4),

|Bk(0§ 20y - - - Zk—1)| = |Bk(0; wolP, .. ., wk—l/P)l
= (I/Pk)lBk((); Wos -« o ch-1)| < (1/PHH £ 1,
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for 0<k<n. Hence |f(0)|S3k-0 |¥*f(z)| and so |f(0)| < (n+1)|F™f(zn)| for
some m, 0 <m=n. Since f(0)=b,, we have |S"f(z)| Z|bo|/(n+1) for all |z| <1/P.
Now

Lm(2) = bpn+bpirz+ - +byz" "
and therefore, replacing z by 1/z, we obtain
|Bmz® ™™ by 12T by] 2 2| bl /(n+ 1)
for all |z| 2 P. Letting p=n—m, this inequality is equivalent to
|ao+aiz+ - - - +a,z?| 2 |z|?|a,|/(n+1)
for all |z| 2 P, and this completes the proof.
COROLLARY 1. Suppose that the power series 2. o axz* has radius of convergence

less than 1. Then there are infinitely many integers k such that

2 ||

k
(2.9 \ > a2
/=0

for all |z| 2 P.

Proof. For each positive integer n such that a,#0, let k(n) denote the least
positive integer k for which (1.7) holds. The condition lim sup |a,|**>1 implies
that there is an infinite set 7 of positive integers such that |a,|/(n+1)>nforallne L
For each nel we therefore have |2¥® a,z/|2|z|F™ and, by (1.8), |awwm)
2 |a,|/(n+ 1) > n. The latter condition guarantees that k(n) assumes infinitely many
values as n ranges over J, and this completes the proof.

Suppose f has radius of convergence ¢, 0<t<oo. Let e>0 and define g(z)
=f(tz/(1—¢)). Then c(g)<1 and (2.9) implies that s,(g) <P for infinitely many
integers n. Thus liminf, ., 5,(g)<P. But s,(g)=((1—¢)/t)s,(f) and therefore
lim.inf, ., ,, 5,(f) <tP /(1 —¢). It follows that lim inf, ., ., 5,(f) < c¢(f)P and this proves
(1.1).

LeEmMMA 1. If n is a nonnegative integer, then
(2.10) 1 < PYH, < 17.

This will be proved in §3.
Let m be a positive integer and suppose zg, zy, . . ., Z,_; lie on |z|=1. If k2 m,
then (2.1) implies

m=1
Bk(O;Zo,..., Zm—-1y 0,. cey 0) = —jz z}‘"B,(O; 20y e vy Zj—1)°
=0

It follows that

211 B0 0.0 S H<Sp LI
(’ ) | k( 920"'~,zm-19 IR ) )|=jZO jr_jZo <}T:'T‘
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The assertion that the constant P is best possible in (1.1) depends on the existence
of a function f such that lim inf s,(f)=c(f)P. It suffices to construct such an f
satisfying c(f)=1.

LEMMA 2. There exists a power series Y- o Axz*, with radius of convergence 1,
such that each partial sum 37_, A,z* has a zero of modulus P.

Proof. For each nonnegative integer n, let {z{}}., be a sequence of complex
numbers of modulus 1/P such that

2.12) | Bo(0; 2P, ™4, . . ., 28)| = H,/P™

Here, we have used (2.4). If n, n; and j are positive integers such that Jj=n; £n, then
(2.7) implies

| Ba(0; 2, . . ., zi)|

ny—J
(2.13) < kZ |Bi(05 2, . . ., z{®| | Bp_i(0; 2, . . ., 2,4, 0, .. ., 0)]
ny

+ > B0z, ..., 2)| |Baoik(0; 2P, . . ., 2,4, 0, .. ., 0)].

k=ny-j+1
If 0k =n;—j, we have
|B(0; z™, ..., z2{"| £ H,/P¥ = 1
and (2.11) implies
|Br-x(05 2, ..., 2{041,0,...,0) £ PP ~™)(P"-*(P-1)).
The first sum on the right of (2.13) therefore does not exceed

ny-jg Pk-ny pP-iti_p-n 1
o P=1) ~  (P=1F  ~ Pi(P=Iy

If ny—j+1=<k=n,, then

an k(o z(n) . Zg;)-i-l, . 0)] = Hn k/Pn -k < 1
In view of (2.10), (2.13) now yields

< B.(0 (n) mN| > 1 1
N L U

Taking j=7 and using the bound P>1.78, we have J%L, _¢ |Bu(0; 2P, .. ., z{V)|
>1/1000. Therefore |B,(0; z{™, . . ., z{")| > 1/7000 for at least one integer k, n, —6
<k=n,. Moreover, |B,(0; z{, .. ., z{")| =1 for all n and k. Now define

P,(2) = z*B,(1/z;z™,...,z{™), n=0,1,2,....

Since (2.6) implies P,(2)=2>}-0 Bx(0; 2™, . . ., z{™)z¥, it follows that the coefficients
of P, are bounded by 1 and that in a set of 7 consecutive coefficients, at least one
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coefficient has modulus greater than 1/7000. The sequence {P,} is uniformly bounded
on compact subsets of the unit disc. Extract a uniformly convergent subsequence
of {P,} and let F denote the limit function. Writing F(z)=>7_ o A,z*, it follows that
|Ax] £1, 0=k <oo, and that in a set of 7 consecutive coefficients A,, at least one
coefficient has modulus greater than 1/7000. Hence ¢(F)=1. If m<n, then (2.6)
implies that the mth partial sum of P, is given by

Su(Pa; 2) = z"Bu(l/z; 230, . . ., 2{7).

By (2.5), Su(P,; 1/z8)=0. Since S,,(F; z) is the uniform limit of a subsequence of
{Sn(Py; 2)}, it follows that S,(F; z) has a zero of modulus P. This completes the
proof of the lemma.

The function F of the preceding lemma satisfies ¢(F)=1 and lim inf,_, ,, s,(F)=P.
It follows that the constant P is best possible in (1.1).

We now show that P is the sharp constant in Porter’s theorem. If f(z)
=>%_o a;z* has radius of convergence ¢, then Corollary 1 implies that there are
infinitely many integers k such that |>¥_, é,z’ | =2 (|z]/t(1 +e))* for all |z| 2 tP(1 +e).
The corresponding subsequence of partial sums {S,(f; z)} therefore tends uniformly
to oo outside the disc |z| <c(f)P(1+¢). On the other hand, we can, by Lemma 3,
construct a function F such that ¢(F)=r and such that each partial sum of Fhas a
zero in |z| £ c(F)P.

The inequality (1.2) is a special case of (1.6); the latter will be proved in §4. To
show that P is the sharp constant in (1.2), it suffices to construct a function G
satisfying ¢(G)=1 and lim sup r,(G) < 1/P.

LEMMA 3. There exists a power series G(z)=>7_, A.z", with ¢(G)=1, such that
each normalized remainder of G has a zero of modulus 1/P. In particular, lim sup r,(G)
<1/P.

Proof. Consider the sequence of complex numbers {B,(0;z™,..., z{)}>_,
constructed in Lemma 2. For each n we have |z{®|=1/P, for 1<j<n,
|By0; 2™, ..., z{)| £1, for 0=<j<n, and |B,(0;z{, ..., 2{V)|=H,/P". Further-
more, if n; <n, then |B(0; z(™, . . ., z{®)| 2 1/7000 for at least one integer k such
that n, —6 <k =n,. By (2.6),

n
Bu(z;2P, ... 4% = D B0;zP, ..., 2M)zrx.
k=0

The sequence {B,(z; z{", . . ., z{™)}2-, is therefore uniformly bounded on compact
subsets of the unit disc. Extract a uniformly convergent subsequence from {B,}
and let G denote the limit function. If G(z) =2 4,z¥, then |4,| =1 for all k and
| 4| = 1/7000 for infinitely many k; thus ¢(G)=1. The identities

SEBuz; 2, . . ., Z{P) = By (z; 22, . ., 28P),

n) . ,(n n)) —
Bn-k(z;—)k’ z;lk’--',zi) - 03
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for 0=k <n, show that B, and each of its first (n— 1) normalized remainders have
zeros of modulus 1/P. Furthermore, if m is a nonnegative integer, then #™G(z) is
the uniform limit of a subsequence of {#™B,(z;z™,..., z{")} on the compact
set |z| (1/P)+e< 1. It follows that #™G(z) has a zero of modulus 1/P.

3. The functions T,,(#%). Form=1,2,3,..., and 0% <1, define
Tn(%) = max > U¥|By0; wo, Wy, ..., Wn_1,0,...,0)
k=m

where the maximum is taken over all sequences {w,}r= whose terms lie on |z|=1.
The functions T,(%) were characterized by Buckholtz [3). For each m, T,, is in-
creasing; the unique solution to the equation T,,(#)=1 is denoted by %,,. The most
important property of the sequence {%,,} is the determination

(3.1) P=lim %;' = inf ;.

m- o 1smsw

Since T, is increasing, (3.1) implies

3.2 T.1/P)>1, m=1273,....
Proof of Lemma 1. By (2.11) and (3.2), we have

H Hm+1 Hm+2

& P
K
1= T.(1P) = pPn P"‘+1+P"'+2+k=%+3(llp) P

for each positive integer m.
In view of (2.8), the previous inequality implies

s () [+ gl e ey

therefore,
1 £ (Hpso/P™*)[1+P+P22]+P-2(P—1)"2

Using the bounds 1.78 < P <1.82, we obtain H,,,,/P™*221/17. It is easily verified
that H,/P’>1/17 for j=1, 2. Since P=sup;<n<« Hi™ we have 1/17<H,/P"<1
for all n.

4. Main results. In this section, we prove (1.5) and (1.6).

LeMMA 4. Let m be a positive integer and {A,}>-, a sequence of complex numbers
(Ao=1) such that |A,| =1 for k = m. Then for at least one integer p, 0Sp<m—1, the
function A,+ Ay, 2+ Ay, 022+ - - - has no zero in the disc |z| < Up.

Proof. Let f(z)=1+>2-, A.z*. We have to show that for some p, 0<p<m-—1,
F?f(z) has no zero in |z| <%,. Let {z,}i7- be a sequence of points in |z| <1 such
that z,=0 for k=m. Then, by (2.1),
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m-—

21 F*f(2)Bi(z; Zos - - -5 Zk-1)

k=0

3
|

1 i [ m-1
= 4 z zi7*Bi(z; Zoy - - 5 Zk-1) T+ Z A; Z 27 *Bi(z; Zoy - + -5 Zi-1)
k=0 j= k=0

i=0 m
m-—1 @
= A,Z’+ Z A,[Zj—Bj(Z; 20,..., Zm..]_, 0,..., 0)]
i=0 i=m
= > AZ’— Y AB(z;20,- -y Zm-1,0,...,0).
ji=0 j=m

By transposing, we obtain the important identity

m—1 @©
(41) f(Z) = kz y’ff(zk)Bk(Z; 20y -+ s zk—1)+kz AkBk(z; 205+ 3 Zm-15 0’ LR ] 0)‘
=0 =m

Without loss of generality, we may assume that each of ¥*f(z), 0Sk=<m—1, has
a zero in |z| < 1. For 02k <m—1, let w; denote the smallest modulus of a zero of
FHf(z). It follows from (4.1) that

1=/ £ 3 |B0; oy Wness 0., O]

If %=max0§k§,,, |Wk|, then
15 S @B w4, ..., WaosW,0, ..., 0)| < To(®@)
k=m

and therefore % 2 %,,. Thus there is an integer p, 0<p<m—1, such that |w,| 2%,
and it follows that #?f(z) has no zero in |z| <%,

LEMMA 5. Let m be a positive integer and ay+az+ - - - +a,z" a polynomial of
degree n, n2m—1, such that |a,| <|a,|, 0=k =n. Then for at least one integer p,
n—m+1=<p<n, the polynomial ag+a,z+ - - - +a,z’ has all its zeros in the disc
|z| S Us*.

Proof. Let A,=a,_,/a,, 0<k <n. Lemma 4 implies that there exists an integer g,
0=<g<m-—1, such that A,+A4,,1z+ -+ A,z""? does not vanish in |z| <%,.
Therefore, the function (a,_,/a,)+(@n-q-1/a:)z+ - - - +(ao/ay)z" "¢ has no zero in
|z| < %, so the same is true of (2" ~%/a,)(@o+a1/z+ - - - +an_¢/z"~%). It follows that
(1/a,z""Y(ao+aiz+ - - - +a,_,z""% has no zero in the region |z|>%;*, hence
ao+a,z+ -+ - +a,_,z"~? has all its zeros in |z| %, *. Taking p=n—gq, we obtain
the desired result.

LEMMA 6. Suppose f(z)=27- o Axz* has R-type greater than 1. Then

lim inf .S%(‘f‘) <P

n—> 0 n
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Proof. If f(z) is written
fz) = kZo (ax/RiRz- - - Ry)Z",

then 7x(f)=Ilim sup,- . |a,|*'*. The condition 7x(f)> 1 implies that there exists an
infinite set N of positive integers such that ne N implies |a,|>|a.|, 0<k<n.
Let m be a positive integer and suppose n€ N is such that n=m—1. The nth
partial sum of f(R,z2) is given by

X _ a1 R, a;R: , a,R;, n

S.(f; Raz) = ap+ R, z+R1R22 + +R1R2-~-R,‘z
_ anR: ( n an-an n—-1 an-2Rn-1Rn n-24 ... aoRle"‘Rn)
“RR - RVCVTerR Z TTaor ¢ Tt urm

Forne N and n2m—1, Lemma 5, applied to the polynomial

an-an Zn_1+an—2Rn—1Rn z"""+ . +aOR1R2' ° 'Rn

"+
a.R, a,R2 a,R}

b

implies that at least one of the partial sums S,(f; R,z), Sn._1(f; R.2),...,
Sn-m+1(f; R.z) has all its zeros in the disc |z| =%, In view of s.(f(R.2))
=R;5.(f), for n—m+1=k=<n, it follows that

(4°2) min {sn(.f)/Rm Sn—l(.f)/Rm ] sn—m+1(.f)/Rn} é %1;1

for all ne N, n2m—1. If n—k(n) denotes the subscript for which the minimum in
(4.2) is assumed, then

4.3) (S k() Rn—km)(Rn-m+1/Rn) < Uyt

for ne N, n=2m—1. Since lim,_, , (R, _p+1/Ry)=1, then (4.3) implies
lim infM < u;t.
j=® 5
Since m is arbitrary, (3.1) implies lim inf;_, ,, s;(f)/R; < P, which is the desired result.
For a power series f(z)=1+ -, a,z¥, the estimate
4.4) Sa(f) 2 |aa| ™M™ (an #0)

follows from the fact that the geometric mean of the moduli of the zeros of S,(f; z)
does not exceed the maximum modulus of its zeros. The following lemma, whose
proof we omit, is an extension of (4.4).

LEMMA 7. Suppose the power series f(z)=27- a,z* has positive radius of con-
vergence and is not a polynomial. If N={n : a,#0}, then

4.5) lim inf |a,|Y"s,(f) = 1.

n—o;neN

We are now ready to prove (1.5) of Theorem C.
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THEOREM 1. If 0 < 75(f) <0, then

4.6) lim inf(RIL'R—i- < 74(f) lim inf &) "U) <P

Proof. If f(2)=27-0 Axz*=2i-0 (ax/RiR;- - - R,)Z¥, then
7r(f) = lim sup |a,|'™ = lim sup |4,|*™(R,- - - R,)*'"
n—o n—w
2 R, lim sup |4,|'* = R,/c(f)

and therefore ¢(f) > 0. Since 75(f) >0, fis not a polynomial. By Lemma 7,
lim inf [4,|Y"s,(f) 2 1,

n->o©; neN

where N={n : A,+#0}. Therefore,

e e 1/n
lim inf RaRa R g (RI—R'“’RL")— lim inf |A,)Ys,(f)

n—» o Rn n—+o;neN n n—o;neN
.. R,-
< lim inf & 2 |A [Mns,(f)
n—o;neN ”

< lim 1 5up (RiR;: - - R)M™| 4, lim inf si(f)
n—+o;neN Rn

= 75(f) lim inf "(f)

n— o

which is the left side of (4.6). For the right side of (4.6), suppose 7z(f)=1, let a>1
and define f1(z) =f(«z). Then 7x(f;)=« and Lemma 6 implies lim inf,_, o, 5.(f1)/R,
<P. Since s,(f1)=a"15,(f), we have lim inf,_ o 5,(f)/R, S Pe. Letting « — 1, we
obtain lim inf,_, , 5,(f)/R,<P. Now suppose 7x(f)=t and define g(z)=f(z/t).
Since T5(g)=1, the previous inequality implies lim inf,_, ,, s,(g)/R,<P. But s,(g)
=1s,(f) and therefore

7(f) lim inf "(f) <P

n—+ o

This completes the proof of the theorem and establishes (1.5).
For the proof of (1.6), we require the following lemma.

LemMMA 8. If0< 7x(f) <1, then
@.7 lim sup == "(f) = 1/P.

Proof. Letf(z)=270 Axz*=>7-0 (ak/RlR2 -+ - Ry)z¥. Since mx(f) =limsup |a,|*"
and 0 < 7x(f) <1, then there is an infinite set N of positive integers such that ne N
implies |a,| > |a,| for k>n. Let m be a positive integer, let n € N and suppose k is
an integer such that 0 <k <m—1. The expression

R,ri(Rl ) ‘-Rn) y””ff(an) — an+levf + an+k+1R5+1

an aan+1"'Rn+k an-Rn+1"'Rn+k+1

Z4 ..
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is the kth normalized remainder of

a, 1R a, .oR2
n+1 nz+ n+24\n

1+
aan+1 aan+1Rn+2

224,

By Lemma 4, there is an integer k(n), 0<k(n) Sm—1, such that

ke( ke(n) +1
Qn 4 oy RE™ A 1 secmy + 1. RE™

an-Rn+1' : ’Rn+k(n) aan+1' : 'Rn+k(n)+1

Z4 .-

does not vanish in |z| <%, Therefore & *+*™f(R,z) has no zero in |z| £ %,, so that
rn+k<n)(f)/-Rn 2 %m for all n € N. It follows that (rn + k(n)(f)/Rn + k(n))(Rn +m-— I/Rn) = %m
and, therefore, lim sup;.. o 7/(f)/R;Z%,. By (3.1), lim sup;.,,, r(f)/R,= 1/P, and
this completes the proof.

The proof of (1.6) of Theorem C is contained in the following theorem.

THEOREM 2. If 75(f) >0, then
4.8) 7a(f) lim sup ’"Tm > 1/P.

Proof. Suppose first that 7x(f)=1, let 0<a <1, and define f;(z)=f(cz). Then
r(f)=o"'r,(f) and 7x(f;)=c«. By Lemma 8, lim sup, ., r,(f1)/R,=1/P. Thus
lim Sup, o 72(f)/R, 2 «/P and, letting « — 1, we have lim sup,_, , 7,(f)/R,=1/P.

Now suppose 75(f)=t¢. If =00, there is nothing to prove. For finite ¢, define
g(2)=f(z/t). Then 7x(g)=1 and r,(g)=tr,(f). By the previous inequality,
7r(f) lim sup,_, » r,(f)/R, = 1/P, which is the desired result.

5. Extremal functions. In this section, we construct extremal functions which
show that P is the sharp constant in each of the three inequalities of Theorem C.

THEOREM 3. There is a function f of R-type 1 such that lim inf,_, o 5,(f)/R,=P.

Proof. Let F(z)=>7_, A.z"* be the function constructed in Lemma 2. Recall that
c(F)=1, s,(F)Z P, |A,| £1 and max {|4,|, |4n+1), - - -5 |An+6|} = 1/7000 for all n.
Let.

f@) = kzo (Ai/RyR;- - - R))zZ* Ro=1)
and

.. oS
x = lim inf "m-
n—» Rn

Let A denote an infinite set of positive integers such that x=1im,_, . ne4 5.(f)/R,.
For n € A, define

P.(2) = z"S\(f; Ra/z)(RiR;- - - R,)/Ry:
and

0u2) = Z*S(F; 1]2) = > Ay_y2".
k=0
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The bound
|Pa(2)— 0u(2)| = kzl |z]*(1 = (RaRn-1* - *Ru_ic+1)/RE) = (1—|z|)~1

holds for all ne€ 4 and |z| <1. Thus there is an infinite set of integers B< A4 such
that the sequence {P, — Q,}nes converges uniformly on compact subsets of |z| <1
to a function g(z)=2>-¢ 2" analytic in the unit disc. Since

am = lim A, n(1—(RuRy_1+* Ry_ns1)/RY) =

n-»o;neB

for m=1,2,3,..., and o,=0, then g=0. For ne B, we also have the bound
| @a(2)| <(1—|z])~%, |z| < 1. Thus there is an infinite subset C< B such that {Q,},ec
converges uniformly on compact subsets of |z| <1 to a function Q(z)=>., B.z*
analytic in the unit disc. The bound max {|B|, |Bx+1ls - - -5 |Bx+6|}>1/7000 holds
for the coefficients of Q; in particular, Q is not identically zero. The sequence
{P,(1/2)}nec converges uniformly to Q(1/z) in |z|=1/p for all p<1. Moreover,
0.(1/2)=(1/z")S,(F; z) has a zero of modulus P for all ne C. Thus Q(1/z) has a
zero of modulus P. If >0, it follows from Hurwitz’s Theorem that P,(1/z) has
a zero of modulus at least P—e¢ for n € C sufficiently large, i.e., if ', denotes the
maximum modulus of the zeros of P,(1/z), then I';ZP—¢ for ne C sufficiently
large. Since I', = R s5,(f), then s,(f)/R, = P—¢ for large n € C. Therefore

x = lim "(f)>P—e;

n-—+o;neC R

letting ¢ — 0, we obtain the desired result.
THEOREM 4. There is a function g of R-type 1 such that lim sup r,(g)/R,=1/P.

Proof. Let G(z)=>7-, A,z* denote the function constructed in Lemma 3. We
have ¢(G)=1, |4,| £1 and max {|4;|, |4n+1|> . . ., |4n+6|}=1/7000 for all n. Let

g(2) = kio (Ai/RyR;- - - R)Z* (Ro = 1),
and

n(g )

x = lim sup 2222

n—+o0

Let A denote an infinite set of positive integers for which x=1lim,_, ;nes Fn(g)/Rs.
For m € A, define

En(z) = S"G(z)—(RiRy- - - Ru| R7) S "8 (RnZ)
and let 0<a<1.If me 4, |z| S« and N is a positive integer, then

| En(2)| ékzl [Am+kl(1 = RE/(Rps1- - Rm+))]2]*
S R RCED TR T

S (1-Ry/(Rps1*  Rusn))(1 =) "  + oV (1 —0) 2,
Let ¢>0 and choose N so that «¥ *!(1 —a)~*<¢/2. Let m, € A be a positive integer
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such that m=m, implies (1 —RY/(Ry+1- - Rp+n))(1—a)"1<ef2. Then the con-
ditions m=m, and |z| £« imply |E,(z)| <e. Thus {E,}nes converges uniformly to
zero on compact subsets of |z| < 1. For m € 4, we also have | #"G(Z)| <(1—|z|)~*.
Thus there is an infinite subset B< A4 of integers such that {#™G(Z)}..s converges
uniformly on compact subsets of |z| <1 to a function S(z) =2~ biz*. The relation

Bicl + |bics 2] + - - - + [Bess| = 1/1000

holds for all k; in particular S%£0. Since #™G(z) has a zero of modulus 1/P for all
m € B, then S(z) has a zero of modulus 1/P. Moreover, S(z) is the uniform limit
of the sequence {(R;R;--‘R,/R™)S™g(RuZ)}mes and it follows from Hurwitz’s
Theorem that, if >0, then #™g(R,z) has a zero of modulus at most (1/P)+ & for
m € B sufficiently large. Therefore r,(g)/R,=<(1/P)+¢ for large me B, and it
follows that

x= lim ’—'"I%g—) < (1/P)+e.

m-»0;meB
Since >0 is arbitrary, we obtain lim sup,_, . r.(g)/R,=<1/P and this completes the
proof.

For the left-hand side of (1.5), we begin by considering the infinite matrix (a,,,),
where

Ay = 2(m—n+1)[m?, l1=n=m,
=0, m<n.
It is easily verified that

(1) limy, o an,=0,n=1,2,3,...,

(2) Supn, Z;?=1 |amn| =2,

(3) limm-oco 21?-1 nn=1.

Thus (a,,) provides a regular method of summability. If {R,}7-, is a non-
decreasing sequence of positive numbers (R,=1) such that R,.,/R,— 1, then
(@ms) transforms the sequence {log (R,/R,_1)}®-, into {2 log (RyR;- - - R)V™}2._ .
Therefore

lim [2log (RyRy" - - R,)"™] = lim [log (R4/R,-1)] = 0,
n— o n-»

or

.1 lim (R,Ry- - - R)V™ = 1.
n—» o0

We use this result to prove the following lemma.

LEMMA 9. Let {R,}7-1 (Ro=1) be a nondecreasing sequence of positive numbers
such that (RyR,---R,)Y*— o0 and R,,1/R,— 1, as n—co. For each pair of
positive integers m and p, let x,,, be the largest root of the equation

xm+p xm xm—l

X
= + +oo L
R Rnsy Ry R, Ri-Rp_y

R,

(5.2)
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Then

xmp
plilg (-Rl +p)1/(m+p) =1

form=1,2,3,....

Proof. For all mand p we have x,,, 2 (R, - - - Ry )™ *, and therefore x,,, — 00
asp—>oo,m=1,2,3,.... Let m be a positive integer and choose p so large that
xmo/(Ry- - - Ry) Z xims /(R1 Ry _x), for 0=k=m. For such integers p we have
x#i p/ (Rl m+p) ..5- (m+ l)x%z/ (Rl e Rm) and hence

Xmp = (m + l)llp(-Rm +1°°° Rm+p)1/p-
Thus

< Xmp < (m+1)vr
| Ry~ Rpsp)7@*® = (R, - -Ry)Tm*P

(Ryy1-- 'R,,,_,.’,)u/’)‘(l’("”"».

Since each of (m+1)"? and (R, - - - R,,)!/™*? tends to 1 as p — o0, it is sufficient to
show that

( Rl . )m/p(m +p)
(R1 R )m,p(m”) -1, p—> 0.

1/p)-(1/(m+p) —
(Rm+1"'Rm+p)( 1p) = (L/(m+p) —

Since (R; - - - Ry)™Pm+# 5 1, it is sufficient to show that (R, - - Ry, ,)Y/P™+9 — 1,
Now

(Ry+ - Ry 50D = Ry Ry JI PRy - R U020,

and we know that (R; - - - Ry 4 ,)Y/™*?? 1, p —> 0. Thus (R, - + - Ry p) P+ 5. 1,
and this completes the proof.

THEOREM 5. There is a function ¢ of R-type 1 such that
P i/n
tim inf BaRar RS _ iy i $2(0),
n—»o Rn n- o n

Proof. Let {R,}*-; (Ro=1) and {x,,}2,-; be defined as in Lemma 9. Let
{n}-, denote a sequence of positive integers such that

L. ... R)n ~ (Ry-+-R, )™

lim inf (RiRy - R _ lim Ry Ro) ™
n— o Rn k- Rnk

Let m, =n,, choose an integer p, such that m, +p; € {n;} and

xm;ﬁ; l
B R gm0 < 1 ¥

and let my=m, +p,. If m,=m,._, +p, -, € {n;} has been chosen, choose the integer
pi. such that my+p, € {n;} and

(.3 Xmo/ (R * + Ry 4 p )V ™70 < 1+1/(k+1)
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and let my.,, =my+p,. Thus we inductively obtain the sequence {m;}<{n;} such
that (5.3) holds for k=1,2,3,.... Now let

@(z) = 1+2z™/(Ry- - - Rp)) +2™2[(R, - - -R,,,z)-+ RN

Note that
|z|™s |z|™s-1 |z|™
Sn(p; 2)| 2 - S .1 M |
l m;(‘P )I Rl...ij -Rl"'Rm,_1 Rl"'le
R O S 1
R R., /%o Ri Ry
for j=1,2, 3,.... Moreover, if x> x,,,, then
m+p m
X > d 4. .|._)i+ 1,

Ry Rnip_ Ri-- Ry R,
since x,, is the largest positive root of (5.2). Thus if |z|=X>Xn,_, ,_,, then
|Sm,(@; 2)| >0. Therefore s,(®) < Xm,_,p,_,. From (5.3) we have

s,,,,(tp)/(Rl' . ~R,,,,)1/’"1 S1+1fj forj=1,2,3,.
Since s,(p) =co for integers n ¢ {m}, then

o s(@) . Sn()
lxm :onf _—Rn = lujtl wnf R,

R 1/m
< lim inf [( L m’) ! (1+1)]
jo J
_ i Ra )1’" (Ry- - - R
= Jim R,.k = lim inf *=t—p =

and this completes the proof.

REFERENCES

1. R. P. Boas, Jr. and R. C. Buck, Polynomial expansions of analytic functions, Ergebnisse
der Mathematik und ihrer Grenzgebiete, Heft 19, Springer-Verlag, Berlin, 1958. MR 20 #984.

2. J. D. Buckholtz, Zeros of partial sums of power series, Michigan Math. J. 15 (1968),
481-484. MR 38 #3409.

3. , Zeros of partial sums of power series. 11, Michigan Math. J. 17 (1970), 5-14. MR
41 #3718.

4. J. D. Buckholtz and J. L. Frank, Whittaker constants, Proc. London Math. Soc. 3
(1971), 348-370.

5. M. B. Porter, On the polynomial convergents of a power series, Ann. of Math. (2) 8
(1906-1907), 189-192.

6. M. Tsuji, On the distribution of the zero points of sections of a power series. 111, Japan. J.
Math. 3 (1926), 49-51.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40506

DEPARTMENT OF MATHEMATICS, VIRGINIA POLYTECHNIC INSTITUTE AND STATE UNIVERSITY,
BLACKSBURG, VIRGINIA 24061



